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Flows at finite magnetic Reynolds numbers are characterized by a 
strong effect of the induced magnetic fields on the stream. In the pre- 
sent paper we determine the current distribution and estimate the in- 
fluence of the Lorentz force component perpendicular to the stream in 
a two-dimensional channel with electrodes. We also estimate the in- 
fluence of nonuniformities of the velocity in the stream path of an in- 
compressible fluid when the characteristic magnetic Reynolds numbers 
are not small. 

1 .  S o m e  p r o p e r t i e s  o f  i n d u c e d  m a g n e t i c  f i e l d s  in  a 

t w o - d i m e n s i o n a l  channel .  The p r o b l e m  of d e t e r m i n i n g  
the induced magne t i c  f ield in magne tohydrodynamic  

flow in a two-d imens iona l  channel has been so lved  by 
s e v e r a l  au thors  (e. g. ,  see  [ 1-4]) .  In [1-3]  the magne t i c  
f ie ld  is d e t e r m i n e d  f r o m  the g iven  c u r r e n t  d i s t r ibu t ion ,  

even though the c u r r e n t  in fact  depends on the m a g -  
ne t ic  f ield.  We p r o p o s e  to so lve  this p r o b l e m  for  a 

two-d imens iona l  channel of f in i te  d imens ions  by us ing 
a somewhat  d i f fe ren t  m a t h e m a t i c a l  approach.  We 
shal l  find the  cu r r en t  d i s t r ibu t ion  and magne t i c  f ield 
a s s u m i n g  that  the flow ve loc i ty  u 0 (along the x axis) is 
constant .  

Let  H i and H 3 be the x -  and z - c o m p o n e n t s ,  r e s p e c -  
t ive ly ,  of the induced magne t i c  field; tt 0 is the ex te rna l  

f i e ld ,  which is  d i r e c t e d  along the z ax is ;  L is  the  
length of the channel;  b is the d imens ion  of the chan-  
nel  a long the ex te rna l  magne t i c  f ield;  l is the d i s tance  
between e l ec t rodes .  

The  induced magne t i c  f ield is defined by the fo l low-  

ing s y s t e m  (which does not take account  of the d e p e n -  
dence  on y): 

Hsx--  HI~ = R (gs + / /0 ) ,  //1~ + B ~  = 0, 

//3~ = OH3/Ox etc.  

R -- 4~uo 

The  f ie ld  component  H 3 is def ined as the  solut ion of 
the  F r e d h o l m  in teg ra l  equation 

tI~ .-~ ~ ( x - - - ~ - 2 ~ ) 2  dx' dz' . (1.2) 

under  the condit ion 

L b 

o o 

H e r e  K is the k e r n e l  of in t eg ra l  equation ( i .2) ,  
which can be  so lved  by the  method of s u c c e s s i v e  a p -  

p rox ima t ions .  
The  f i r s t  approx imat ion  y ie lds  

L b 
(x - -  x') Ho 

H~ = ~, S S(z__x,)2 + (z __ z,)2 dx' dz' . 
o o 

When b / L  << 1 the component  H a in  this  a p p r o x i m a -  
t ion depends weakly on z and is odd in x = L /2 .  F o r  
va lues  of x not too c lose  to the boundary  va lues  we 

have 

Ha = ~bHo in L x - - x  

The  component  H i in the f i r s t  approx imat ion  is 

L b  

- -  ~'? + (z - -  z')* " 
o o 

The funct ion Hl(x , z) is  even  in x = L /2  and  odd in 

z = b /2 .  F o r  s m a l l  b / L  the component  H i is  l i n e a r  in 

Z~ 

/ / 1  = R (1/~ b - -  z) H 0 ,  

F o r  s i m p l i c i t y  we a s s u m e  throughout  this paper  that  
the e l e c t r i c a l  c i r cu i t  has been shor t ed  out, that the  ex -  

t e r n a l  magne t i c  f ie ld  is given,  and that it is p roduced  
without the aid of f e r r o m a g n e t i c  m a t e r i a l s .  

Set t ing 

H ~ = - - A ~ ,  H a = A ~  

we obtain 

~ A  = B (Ax + Ho), A =  O~/Ox s + O2/Oz ~. (1.1) 

The  r ight  s ide  of Eq. (1.1) is p ropor t iona l  to the 

cu r r en t ,  so that  i ts  solut ion is 

L b  

o o  

• (Ax. + Ho) dx' dz', 

B 
2 ~  " 

if the  values  of x a r e  not c lo se  to the  boundary  va lues .  
At the channel  boundar ies  we have  

H1 = 1/2 R (1/2 b - -  z) H 0 for  x~-- o, L.  

In the o ther  l imi t ing  case ,  i. e . ,  when b >> L, we 

can r e a d i l y  v e r i f y  by d i r e c t  subs t i tu t ion  that for  va lues  
of z not c lose  to the  boundary va lues  Eq. (1.2) has the 
solut ion 

( _2~:,p R~ t ) .  (1.3) 
H a  ~ - - / r i o  \ e x p  R L  -[- t 

This  a g r e e s  en t i r e ly  with the  solut ion obtained in[5]. 
As 3. -* ~ the in tegrand in (1.2) m u s t  tend to z e r o  

(i. e . ,  H a ~ -H0) , s ince  H a mus t  r e m a i n  a f in i te  quan-  

t i ty.  This  conc lus ion  is va l id ,  howeve r ,  without a l l ow-  

ance  for  the  m a g n e t i c  f ie ld  se t  up by the  c u r r e n t  in the  

ex te rna l  e l e c t r i c a l  c i r cu i t .  

2. A p p e a r a n c e  o f  n o n - o n e - d i m e n s i o n a l  flow in a 

n a r r o w  channel .  The  above approx imat ion  is  val id  only 
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if the  flow ve loc i t y  u 0 is  constant .  However ,  the p r e s -  
ence a long the  z axis  of a f o r c e  

F = - -  ]oH1 

(where J0 is  the component  of the c u r r e n t  dens i ty  
along the y axis)  l e a d s  to the  a p p e a r a n c e  of a ve loc i t y  
component  w (along the  z ax is ) .  

The  a p p e a r a n c e  of n o n - o n e - d i m e n s i o n a l  flow was  
c ons ide r ed  by  Pi tk in  [3], who e s t i m a t e d  the v a r i a t i o n  
of the  longi tudinal  component  of the  ve loc i ty .  He a s -  
sumed ,  however ,  that  such flow could be  d e s c r i b e d  
by  m e a n s  of the  Bernou l l i  equation.  Making use  of the  
above  a p p r o x i m a t e  e x p r e s s i o n s  for  the  f ie lds  when 
Rb ~ 1 in the  c a s e  of a channel  such that  b / L  << 1, we 
can show (see  Appendix) ,  that  a s t r o n g  nonun i fo rmi ty  
a r i s e s  only at  the  channel  b o u n d a r i e s  for  x = 0, L; 
at poin ts  f a r  away f r o m  the b o u n d a r i e s  the  f o r c e  F is 
c o m p e n s a t e d  by  the  p r e s s u r e  g rad ien t ,  and the r a t i o  
w / u  0 is s m a l l  if  L >> L M = PU0/~H 2, i . e . ,  if the  chan -  
ne l  is  long enough to enable  the  m a g n e t i c  f ie ld  to act  
on the  s t r e a m .  

We note  that  the  r a t i o  of the  longi tudinal  component  
of the Loren tz  f o r c e  to the  t r a n s v e r s e  component  is 
H1/H 2 ~ Rb, so  that  Rb << 1 is  a suf f ic ient  condi t ion 
for  the  effect  of the  induced f i e lds  on the s t r e a m  to be  
s m a l l .  

3. F low in a wide  channel  wi th  a o n e - d i m e n s i o n a l  
ve loc i t y  p ro f i l e .  In the  p r e s e n c e  of a magne t i c  f ie ld ,  
s m a l l  g r ad i en t s  of the  dens i ty  o r  ve loc i ty  of the  m e -  
d ium a long the  c u r r e n t  path  can r e s u l t  in c o n s i d e r -  
ab l e  d i s t o r t i on  of the  s t r e a m l i n e s .  Th is  is  b e c a u s e  
the  d i m e n s i o n l e s s  p a r a m e t e r s  c h a r a c t e r i z i n g  the  e f -  
fec t  of the  m e d i u m  on the  c u r r e n t  flow through it 
(e. g . ,  the  p roduc t  of the  e l e c t r o n i c  cyc lo t ron  f r equency  
and the  a v e r a g e  t i m e  be tween co l l i s ions  fo r  an e l e c -  
t ron ,  or  the  m a g n e t i c  Reynolds  number )  can g e n e r a l -  
ly exceed  uni ty  (e. g . ,  s e e  [6-8] ) .  Steel lbeck [8] i n v e s -  
t i ga t e s  the  r educ t i on  of the  c u r r e n t  f lowing be tween  
e l e c t r o d e s  in the  p r e s e n c e  of chaot ic  t u rbu l ence  of 
the  m e d i u m  as  c o m p a r e d  to the  c u r r e n t  which f lows 
when the  l iquid is  at  r e s t ;  he  c a r r i e s  out his  a n a l y s i s  
for  a c e r t a i n  spec i f i ed  d i s t r i bu t i on  of the  ve loc i ty  
c o r r e l a t i o n s  in an i n c o m p r e s s i b l e  f luid.  We p r o p o s e  
to i nves t i ga t e  the  effect  of v e l o c i t y  nonun i fo rmi t i e s  
on the  c u r r e n t  dur ing  flow of a f luid in a wide  (b >> 
>> L) channel  of cons tan t  c r o s s  sec t ion .  Let  the 
ve loc i ty  component  u(y) be  given and le t  it  be  i n d e -  
pendent  of the  m a g n e t i c  f ie ld .  This  is  the  c a s e ,  fo r  
example ,  when m e t a l  s t r i p s  move  at  d i f fe r  ent v e l o c i t i e s .  

We r e p r e s e n t  the  v e l o c i t y  component  u as  u = 
= u0 + ul ,  whe re  u 0 i s  the a v e r a g e  va lue  of u. Mo-  
t ion  with the ve loc i t y  u 0 p r o d u c e s  the m a g n e t i c  f i e ld  
H 3 def ined by  r e l a t i o n  (1,3). The  p r e s e n c e  of a f l u c -  
tua t ing  component  u 1 g ives  r i s e  to an e l e c t r i c  f ie ld  
with the  po ten t i a l  qJ(x,y) and to a m a g n e t i c  f ie ld  
h~(x, y). The  p r o b l e m  of ve loc i t y  nonun i fo rmi t i e s  
along the  s t r e a m  path  in the  c a s e  of s m a l l  Reynolds  
n u m b e r s  is  so lved  n u m e r i c a l l y  in [9]. 

F r o m  the  equat ions  of m a g n e t o h y d r o d y n a m i c s  fo r  
flow with t he  ve loc i ty  u(y) we have  

H 3 x + h 3 x + 4 ~ [ e p y - - U ( H o - { - I t 3 + h s ) ] ~ . O .  (3.1) 

The  funct ions ~ and h 3 mus t  s a t i s fy  the  fol lowing 
condi t ions :  (p = 0 for  y = 0, l ; ~x = 0 for  x = 0, L; 
hay = 0 for  y =  0, l .  

The  c a s e  of s m a l l  magne t i c  Reynolds  n u m b e r s  is 
s i m p l e s t .  H e r e  s y s t e m  (3.1) b e c o m e s  

h3y = 4~z%, H3~ + h~ + 4~z ( % - -  u H o ) =  O. 

El imina t ing  the  magne t i c  f ie ld ,  we obtain the  equa-  
t ion for  the  po ten t i a l :  

Aq) = uuH o . 

The so lu t ion  of this  equation does  not  depend on x 
and is of the  f o r m  

y l 

0 0 

This  imp l i e s  that  

l 

o 

H e r e  I 1 and 12 a r e  the  components  of the  c u r r e n t  
dens i ty .  

F o r  a r b i t r a r y  m a g n e t i c  Reynolds  n u m b e r s  R L  we 
cons ide r  the  inf luence  of the  add i t iona l  component  u 1 
as  a p e r t u r b a t i o n .  This  is  val id  p rov ided  the r e l a t i v e  
ve loc i ty  f luctuat ion and the  r a t i o  of the  f l uc tua t i on -  
induced magne t i c  f i e ld  to the  sum m a g n e t i c  f ie ld  a r e  
s m a l l .  In l i nea r  app rox ima t ion  s y s t e m  ( 3 . 1 ) b e c o m e s  

h ~  + 4 m  [%---  uoha - -  ul  (Ho + Hs)�91 = 0. 

The  function u 1 can b e  expanded in s o m e  c o m p l e t e  
s y s t e m  of funct ions ,  e. g . ,  in the  s y s t e m  cos nTry / l .  

The  po ten t i a l  d i s t r i bu t i on  in th is  c a s e  is  of the  f o r m  

= ~ (Pn (x) sin n~y 
l " 

The  c u r r e n t  c o r r e c t i o n s  due to the  n - th  h a r m o n i c  
of the  p e r t u r b a t i o n  Uln a r e  

/1 Ruo dUln {t + A1 exp [ (k l - -  B) x] + 
]o a s d y  

+ A~,exp [(k2 - -  B) x]}, s ul'~R2 .---. X 
l0 u0 ~2 

+ A~--~ exp [(k~ - -  R) x] , ]o = - -  aUo (H3 + Ho), 

n ~  

*r = - 7 - ,  k~, ,  - -  ~/~R :i: Vi? .R ~ + a~, 

Ax = e x p  RL -- e x p  k 2 L  

exp kzL - -  e x p  k x L  " 

H e r e  J0 i s  the  va lue  of the c u r r e n t  in the  absence  
of f luc tua t ions ,  and A 2 can b e  found f r o m  A 1 by  i n t e r -  
changing s u b s c r i p t s .  

Let  us c o n s i d e r  the  c a s e  of l a r g e - s c a l e  f luc tuat ion  
and l a r g e  RL.  Let  the  f luc tuat ion  a long the  y axis  b e  
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suf f ic ien t ly  l a rge ,  so that R2/e~2 >> 1, but at the s a m e  
t i m e  let exp (c~ 2 L / R )  >> 1 (it is c l ea r  h e r e  that 
exp RL  >> 1). Then for  va lues  of x not too c lose  to the 
boundary va lues  we have  

1"1 R dUln ]'._~ ~ R ~ Uln 
l'o ~2u o dy  ' 1o a 2 Uo 

Let us cons ider  the o ther  l imi t ing  c a s e  w h e r e  the 
f luctuat ion along y is so l a rge  that 

The  coef f ic ien ts  C i a r e  defined by the given va lues  
of the f luctuat ions  at the channel  input: 

C 1 -~- C 2 = y (0), C2 -~ C3 - -  C1 = g l  (0), 

C1 --  C2 = Pl (0)/9 u0" 

The  last  equation fol lows f r o m  the  l i nea r i z ed  equa-  
tion of mot ion 

9UoU~ = - -  P l y - -  ]1 (//o + H3) 

B/a >~ :t, a~ L/R ~ t 

(as above,  exp RL >> 1). 
We then obtain the fol lowing exp re s s ions  for  the 

c u r r e n t  c o r r e c t i o n s  for  values  of x not c l o s e  to the 

l imi t ing  va lues  : 

] 1  1 dUl n 
/o ~o @ (L- -x ) ,  

(~ = uln [t + R ( x - - L ) ] .  
lo u0 

As is evident  f r o m  the l imi t ing  cases  cons idered  
above,  the cu r r en t  c o r r e c t i o n s  can be  subs tan t ia l  
even with s m a l l  r e l a t i v e  ve loc i ty  f luctuat ions  if the 
magne t i c  Reynolds  n u m b e r s  d e t e r m i n e d  both by chan-  
ne l  length and by the f luctuat ion s c a l e  a r e  la rge .  

However ,  the ratio, of the energy  d i ss ipa t ion  due 

to the  f luctuat ion component  u 1 to the sum d iss ipa t ion ,  

(<i~> + <]~>) } ]~, 

is on the o r d e r  of the s q u a r e  of the r e l a t i v e  ve loc i ty  
f luctuat ion without a f ac to r  containing the magne t i c  

Reynolds  number .  
4. P ropaga t ion  of two-d imens iona l  ve loc i ty  f l u c -  

tuat ions in a wide channel.  Let  us i nves t iga t e  the 
propaga t ion  of two-d imens iona l  f luctuat ions  by the 
method of [10]. We a s s u m e  that the pe r tu rba t ions  of 
the ve loc i t y  and p r e s s u r e  at the channel  en t rance  
a r e  given,  and cons ide r  t he i r  p ropaga t ion  downs t ream.  
E l imina t ing  the p r e s s u r e  f r o m  the equations of con-  
t inui ty  and motion 

d i v v  = O, 9 (vV)v  = - - V p  + j  X H 

we obtain 

u, lx + v v = O, u l~u - -  v ~x = O. ( 4 . 1 )  

H e r e  u, v a r e  the components  of the ve loc i ty  p e r -  

turbat ion.  
As above,  we expand the quant i t ies  which vanish  at 

the e l ec t rodes  in the sys t em of functions s innTry/ / .  
Let us cons ide r  the propagat ion  of the l a r g e - s c a l e  
f luctuat ion for  n = 1. We seek  a solut ion of the f o r m  

v = v (x) sin [~g, 

ul = ul (x) cos ~y, ~ = ~/ l  . 

F r o m  s y s t e m  (4.1) we obtain 

v = ( C l e  ~x + C. , .e-  ~)  sin ~g, 

ul = (C~e- ~ - -  Cle~ x § C~) Gos ~y . 

if we take  account  of the condit ion Jl = 0 for  x = 0. 
We can d e t e r m i n e  the d i s t r ibu t ion  of the magne t i c  

f ie lds  and potent ia l  f r o m  the s y s t e m  

h3~j = 4nz [% + v (Ho + g3)], 

h3x ~- 4g• [q)y - -  Ul (H0 -~-//3) - - / /0h3]  = 0 .  ( 4 . 2 )  

The boundary  condit ions for  the funct ions ? and h 3 
a r e  s i m i l a r  to the condit ions cons ide red  p rev ious ly .  

F r o m  the solut ion of system_ (4.2) we have 

h ~z F,/I (%c~+ 

+ C4ev~ ~ + C~e~  1 cos ~g, 

~n, ~ = % R ~ V I / ~  ~ + ~ . (4.3) 

The  va lues  of the constants  C 4 and C 5 can be  d e -  
t e r m i n e d  f r o m  the condit ion 

h3y = 0 f o r x = 0 ,  L.  

The  function h 3 can g e n e r a l l y  be  d e t e r m i n e d  f r o m  
(4.3) to within the t e r m  C exp Rx, w h e r e  C is a con-  
stant.  This  t e r m  is omi t ted  in exp re s s ion  (4.3). R e -  

ca l l ing  that the potent ia l  d i f f e r e n c e  a c r o s s  the e l e c -  
t r odes  is independent  of C (by v i r t u e  of {4.2)), we 
a s s u m e  that the c u r r e n t  due to the va r i a t i on  of h 3 is 
equal to ze ro ,  i. e . ,  that C = 0. 

The  cu r r en t  pe r tu rba t ion  components  can be  ob-  

ta ined by d i f f e ren t i a t ing  h3: 

R 
]1 ~- 6 I ( H  o .~- //s) (ClegX .Jr- C2e - $x .~- --~-C@ -~- 

+ Cae'. x + C~e't~z 1 sin ~y, 

R ~ __~_e,t~x T2ev,x},  + 7 c,] 0% + H,) + C~ + C~ .-y 

C ] (L) - -  ] (0) exp  T2L, 

/ (x) = (Ho + t18) ( Rc~ + C~e~ + C~e-~). (4.4) 

The  constant  C 5 can be  d e t e r m i n e d  f rom C 4 by 
in te rchang ing  subsc r ip t s .  

The  above  example  of a o n e - d i m e n s i o n a l  ve loc i ty  

p ro f i l e  can be  obtained f r o m  this solut ion by se t t ing  

C 1 = C 2 = 0. 
E x p r e s s i o n s  for  the c u r r e n t  pe r tu rba t ions  (4.4) 

imply  that a s i m i l a r  p i c t u r e  of s t rong  cu r r en t  d i s t o r -  

t ion r e s u l t s  f r o m  ve loc i ty  pe r tu rba t ions  in the d i r e c -  
tion of the  cu r r en t .  F o r  example ,  let C 2 = C 3 = 0. In 
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the  l i m i t i n g  c a s e  exp  R L  >> 1, R / f l  >> 1, flZL/R << 1 
t h e  e x p r e s s i o n s  f o r  c u r r e n t  c o r r e c t i o n s  (4.4) b e c o m e  
(for  v a l u e s  of x not  c l o s e  to t h e  b o u n d a r y  v a l u e s )  

A/'I __ C_iu0 (e~r~ - -  e~x), ]z = -~ ]r 

The above examples, therefore, show that the flow of an incom- 
pressible fluid in a charmeI at large magnetic Reynolds numbers, the 
propagation of perturbations'in the channel, and the effect of velocity 
inhomogeneities on the current are determined to a large extent by 
the dimensions of the channel and by the conditions at its boundaries 
(by the presence or absence of ferromagnetic materials). In a wide chan- 
nel (a channe; with a one-dimensional magnetic field) small fluctua- 
tions of the velocity along the current path result in strong distortion of 
the current. In a narrow channel the induced magnetic fields result in 
nonuniform flow at the channel entrance and outlet with an increasing 
minimal magnetic Reynolds number. 

5. Appendix. Let us consider the effect of induced magnetic fields 
as a perturbation and write out a linearized system of equations for the 
velocity perturbations ut, w and the pressure perturbation Pl: 

p U o u l x  = - -  P l x  - -  2 r  - -  v u l H o %  

PU~ x = --" P t z  "~ 6 u o H 1 H o ,  Ulx  @ w z = 0 . 

Let us assume that H s depends only on x and is odd in L/2, and 
that H 1 depends only on z. Eliminating ui and pi, we obtain an equa- 
tion for w: 

wxx x + wzz~: + kowzz = O, ko = ~Ho 2 / pu0 = t / L ~ .  

Since w must vanish at the channel wall, the solution of this equa- 
tion can be written as 

w = ~, C s exp ksre sin ~z, 
s .  n 

'v = n ~ / b ,  ksZ = ve (k0 + ks) . (5.1) 

Here C s are some constants. Summation over s is from unity to 

three. The functions ui and pl can be determined by integration over 
X'- 

ul = ~1 (0, z) + ~, ~ [1 - -  exp (k~x)l cos ~z 
s , n  

Pl = p~ (0, z) -- ~Ho2ul (0, z) x -- 2~u0H0 i Hsdz -- 
0 

Cs'v [ 1 t 

8, n 

To determine the coefficients Cs we make use of the conditions of 
continuity of the pressure and normal velocity component at the channel 
entrance and outlet. For example, let us specify the values of the per- 
turbations u~ and pi at the entrance and the pressure perturbation Pl at 
the outlet (for simplicity we set them equal to zero, since these values 
are determined by conditions outside the channel). This yields the fol- 
lowing system for the coefficients Cs: 

C s  H l n  
~ - ~ / =  o y CAexpk L=ko~o a = ,  

s s 

E Csk s (exp ksL -- t) = 0. 

s 

Here Hln are the coefficients of the expansion of the function Hi 
in the system of functions sinnrz/b. 

For r >> k0 the expression for w is 

The last term in the expression for w is important for values of x 
not close to the boundary values (x, L -- x >> b). However, for k0x >> 1 
this term is also exponentially small. The maximum value of w is at 
the boundary: 

w (0, z) 
uo E ~  [ t q - ( - t ) n ] s i n x z  " 

n 

The condition r >> k0 generally need not be fulfilled for moderate 
values ofn. In this case the characteristic equation (8.1) has one positive 
root  k 1 and two complex conjugate roots ks, s = xl ~ iuz with a negative 
real part(e, g., for k << k0, k = (k0rZ)zf. Let the condition r >> k0 not 
be fulfilled for n = 1 (which means, of course, that L >> LM). We denote 
by w 1 the first term in the expansion of w in the system of functions 
sin mrz/b: 

wl =(S le  ~lx ~- S.~e~X sin ~2x + S~e • cos • sin ~z . 

If we apply the same boundary conditions, the coefficient S 1 is 
proportional to exp(-klL ). Hence, even in the case b >> L M for L >> 
>> L M the component H 1 gives rise to non-one-dimensional flow only 
at the channel boundaries, all three exponentials in the expression for 
w 1 decay, and the perturbation wz dimimshes far away from the chan- 
nel boundaries. 
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